RSK linear operators and the Vershik-Kerov-Logan-Shepp curve
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Schensted insertion

Algorithm: From permutations to standard Young tableaux.

Example: Insertion 31254 € S5

o 15t > 3 2nd . 3 3rd . 3 4th . 3 5th . 3 5 |
1 1]2 11215 1124

Bump types:

 Vertical bump: occurs in the same column (e.g., 2nd step),

- Lateral bump: shifts to the left (e.g., 5th step).

Definition: Let Vj, be the set of all permutations in S, with no lateral bumps.
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RSK linear operators

Algorithm: RSK correspondence is a bijection between matrices with non-negative integer en-

tries and pairs of semistandard Young tableaux.
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Example: From o = |0 2 0], we construct biword(a) = (1322311 | 1122233), then insert
110
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(@,2),(11]),(1]|3}[1]1

2 12 212 1213
tlrf2]sl[at]2l2) U111 ]3]l1]1]2]2
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Operator: The RSK correspondence defines a linear map on the coordinate ring

Rpq = Clz; jhi<i<pi<j<qg by 2% = [Pa, Qal;

where 2% is a monomial (in the monomial basis)

A I Z

1<i<p,1<j<q

i,
4J

and [P, | Qq] is a bitableaux (in the bitableaux basis)
<11 <12 <13

|Po | Qo) = A1Ag - - =291 220 293].
231 232 233

<11 <13

o1 205 219] .- 232 -

Invariant subspace: Let (o, 7) € NP x N9 be rows and columns sums, the weight space is
Rg 7 = Span{z® | a € Mat, (N)}.

Restriction operator: RSK, r : Ry — Ry n with matrix entries

RSKo,x (8, 0) = [2°| [Pa | Qal -

Definition: Cj = {a € Maty» 1» | RSKyn 1n(a, ) = 0}.
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Results

Theorem 1: Most permutations have a lateral bump in their Schensted insertion, i.e.,

- |Va
nlgnoon! = 0.

Theorem 2 (Stelzer-Yong conjecture): Most diagonal entries of RSKy» 1» vanish, i.e.

|Gy
nlgnoon! = L.

Key Lemma: For o € Matjn jn, we have

RSKyn 1n(0, ) = 0 <= wq & Vi

)

Limit shape

Figure 1: The limit shape I' and a 110—rescaled partition A € Par(100).

Plancherel mesure: Let sh(w) be the shape of w under Schensted insertion, we define

2
Pr(A) =Py, (sh(w) =)\) = f)‘, for all A € Par(n).
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Vershik-Kerov-Logan-Shepp (1977): For any € > 0, we have

1
(1—€)FCSAC(1+E)F)H1 as n — 0Q.
n

7

Lemma 1: Let L()\) denote the length of the first row of the shape A. We have

P,

P (L()\) > \/271) — 1 as n — oo.

Lemma 2: If L(\) > v/2n, then the shape A has two columns of the same height.
N

Proof strategy

w =1
Vi 1
w12/ \w—21
Vs 2
1 [2 :
/ \—231 w=s1 —T312\ _ 9213
w=123 Y= 3 w= w=
Vi 2 3 9
1123 2
113 1 12 113

Figure 2: The rooted tree of permutations with no lateral bumps.
Flattening: Given an injective n-word ajas . .. ap, its flattening is the permutation
Flat(ajas . .. an) =biby...by, where b; =|{j € [n] | a; < a;.
S-map: We define the map ¢y, : Sp,.1 — Sp, by
on(wiws . .. wpwpa1) = Flat(wiws . .. wy).
S-inverse: Let k™ =k + % The inverses of v € S5, via ), are
Flat(v 0), Flat(v 17), . .., Flat(v n™).
V-map: Since ¢n(Vp41) C Vi, we can define
Yy o Va1 — Vi,  as SOn’VnH-
Lemma 3: If the shape sh(v) of v € V}; has two columns of the same height, then
i.e., v has at most n children.

Yo' (v) <,

Lemma 4: For n large enough, we have

1
Vasal €m0 1V \ Unl + (1) Ul < [+ Va
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